A ubiquitous tool in science, physics, and engineering at large, the transfer matrix method (TMM) is particularly suited to deal with complex nonuniform systems (NUS). In the field of electrical engineering, the method is employed in a variety of disciplines that span the electromagnetic spectrum, from power frequencies through RF, millimeter-waves, and terahertz. In this work, three nested goals are pursued. The first is to present a general comprehensive review of the transfer matrix method utilizing two distinct languages: the state space (via the matricant) and the modal analysis (via matrix diagonalization). The second goal, focused on electrical engineering issues, is the application of TMM to the interdisciplinary theme of nonuniform multiconductor transmission lines (MTL) −a good example of a complex reciprocal multiport system. The third goal is to offer the reader novel research results in the context of MTL analysis. Making use of a simple microwave stripline-coupler structure new theoretical results are presented showing that, in some cases, load impedance matching of nonuniform MTLs, using only passive components, may not be physically possible (negative resistors being required), even if the global NUS is longitudinally and transversally symmetric, with or without losses.
I. INTRODUCTION
All physical structures, natural or artificial/man-made, are nonuniform systems in the sense that their 3D volume description includes periodic, quasiperiodic or nonperiodic variations at least in one direction (x, y, or z), either in terms of topology or medium properties.
The transfer matrix method (TMM) is a key tool [1] - [38] in science, physics, engineering, and technology research when nonuniform structures (NUS) are at play; the method being specially fitted for the frequency-domain analysis of linear time-invariant systems with stratified material media and/or layered geometries.
The subject of NUS/TMM is interdisciplinary. It turned out a very important area of research in electrical engineering [14] - [28] owing to its impact on almost all of its subareas: control, electromagnetics, microwaves, optics, power systems, telecommunications, etc. Other engineering fields like acoustics, bio, civil, fluids, materials, mechanics, etc.
The associate editor coordinating the review of this manuscript and approving it for publication was Flavia Grassi. also employ TMM [29] - [35] , even genetic science is using TMM in DNA research [36] - [38] .
As mentioned, the transfer matrix method is well suited for the frequency-domain analysis of NUS, especially when the components of the NUS are lossy and have dispersive behavior.
Time-domain results can be retrieved from their spectral counterparts via Fourier transforms. Albeit very accurate, ordinary time-domain→frequency-domain→time-domain methods may require long computation times. CPU times can be greatly reduced by opting for conventional finite-difference time-domain algorithms, but, unfortunately, these are not unconditionally stable, and do not work well with dispersive media.
This article is organized into seven sections, the first of which is introductory. The four following sections are dedicated to the review of the transfer matrix method. The sixth section, focused on a concrete application, combines review and research. The article ends with a conclusion section and a bibliographic list whose references cover the timespan 1888 to 2019.
Section II presents the frequency-domain theoretical framework for the general analysis of nonuniform multiport structures, where the state-space approach, or 'matricant', is utilized to obtain/compute the structure's transfer matrix in the form of a convergent series expansion. The results offered in Section II are particularized in Section III to the simple, but important, case of uniform multiport structures, and, in that context, the 'matricant' approach is confronted with the rival method of 'diagonalization' (eigenproblem).
The well-known segmentation technique is briefly addressed in Section IV. Useful and rather intuitive the technique consists of replacing the nonuniform multiport structure by the chain connection of a large number of small uniform multiport cells, the global transfer matrix being obtained by continuous multiplication of the cells' individual transfer matrices.
The topic of extracting the transfer matrix of an NUS black-box from experimental measurements is touched upon in Section V, taking account of the properties peculiar to the transfer matrix.
Finally, in Section VI (the longest one), the utilization of the transfer matrix method is concretized and illustrated with the electrical engineering subject of multiconductor transmission-line structures (MTL) -a cross-disciplinary theme whose interest spans the whole spectrum, from 60 Hz long-length power lines to terahertz tiny optical devices. Section VI comprises three subsections. The first is aimed at the determination of the transfer matrix of nonuniform MTL problems; the second to their solutions via modal analysis. Dedicated to novel research results, the last subsection deals with the curious example of a microwave stripline coupler with two cascaded halves imperfectly connected, where load matching terminations may turn out to be unfeasible.
II. THEORETICAL BACKGROUND
The complexity of an NUS depends on its degrees of freedom, determined from the number n of pairs of scalar state-space variables required for its complete description, for example: displacement and force components, pressure and velocity components, tension and torque components, voltages and currents, electric-field and magnetic-field components, etc.
Consider a linear passive nonuniform structure of length l, whose internal constitution varies along the x-coordinate, and whose complexity requires 2n scalar state variables for its characterization: p k and q k (for k = 1 · · · n), all of them depending on x and t coordinates.
Assuming, without loss of generality that p k and q k are time-harmonic, of frequency ω (= 2π f ), one can write
whereP k andQ k are phasor representations of p k and q k . The transfer matrix T l (also known by the name of ABCD matrix, transmission matrix, or chain matrix) is a complex non-symmetric 2n × 2n matrix that permits the calculation of the phasor pairs (P k ,Q k ) at the output end, x = l, from those at the input end, x = 0, for all values of k, that is
where, for x ∈ [0 , l],
and
. . .
Assuming (in addition to passivity) that the NUS is also a reciprocal structure, its transfer matrix will be unimodular
The transfer matrix usually shows up in connection with first-order linear homogeneous differential matrix equations [28] , [39] - [41] , of the type
where S often bears the name of state transition matrix. Integration of (6) from x = 0 to x = l gives
Substituting (T(x) 0 ) for (x) into (7) yields
where 1 is the identity matrix. Next, by endlessly substituting T(l), with l replaced by x, in the right-hand side of (8), we obtain the solution for T l in terms of nested integrals of S(x), 9) or as an infinite series
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where ϒ 0 = 1, and
The solution in (10)- (11) , known in Linear Algebra by the matricant [32] , [39] , [40] , is an absolutely uniformly convergent series expansion. The series, firstly obtained by Peano, was later developed by Baker and, modernly, by Magnus, [28] , [42] - [48] .
In addition to (5) , the n×n submatrices of T l in (10) satisfy the following properties, [20] ,
where superscript T denotes matrix transposition.
We can see from (12) that one of the four submatrices of T l is redundant, for it can be found from the remaining three. For example, given A, B, and C, we can find D from
If the nonuniform structure is periodical with period l, that is, if it is made of the chain connection of N identical cells, then the overall transfer matrix will simply be given by the N th power of T l .
III. UNIFORM STRUCTURES
For the particular case of uniform structures, where S is xindependent, the calculation of the terms of the series expansion in (11) is not difficult, yielding
The terms appearing in (15) are quite well-known; they are the terms of Taylor's series for the exponential function. This leads to the conclusion that the transfer matrix T l is the exponential function of (Sl)
In the case of uniform structures, the results in (12)-(13) simplify, [20] , yielding
The properties listed now in (17) show that two of the four submatrices of T l are redundant. The transfer matrix of uniform structures can be fully characterized by only two of its submatrices; for example, if A and B are known, then C and D will be determined from
The matricant solution in (15)- (16) is an infinite summation which must be truncated at some order according to a prescribed accuracy level, the number of necessary terms depending on the frequency ω.
A rather different strategy -diagonalization, [39] , [40] -can be used to find the transfer matrix in (16) . It involves the solution of an eingenvalue problem focused on the state transition matrix S, M −1 S M = g or (S − g k 1)m k = 0 (20) where g is a diagonal matrix gathering the g k eigenvalues of S (for k = 1 to 2n); the corresponding eigenvectors m k being gathered in the transformation matrix M.
Once (20) is solved, the exponential matrix function of S is readily obtained through, [39] , [40] ,
where, like g, matrix e gl is 2n × 2n diagonal
where γ and e γ l are n × n diagonal. Exceptionally, when irregular multiple eigenvalues exist in γ , the diagonalization procedure in (20)-(21) fails, M is singular, and the transfer matrix T l cannot be obtained from (21) , [39] , [40] , [49] . However, the matricant procedure in (15)- (16) can always be implemented regardless of the presence of irregular eigenvalues.
The arrangement of the eigenvalues of T l in (22) , where they are gathered in two block-diagonal matrices (inverse of each other), makes evident the property in (5) valid for reciprocal structures, det T l = det e gl = det e +γ l det e −γ l = 1 (23)
An immediate consequence of (20) , (22) and (23) is that the 2n × 2n diagonal matrix g is also partitioned in two n × n diagonal matrices,
The traces of the similar matrices g and S ought to coincide, therefore we see that the diagonal entries of the state transition matrix are such that 2n k=1 S kk = 0 (25) Note that the results in (23)-(25) hold for uniform and nonuniform structures, reciprocity provided.
IV. SEGMENTATION TECHNIQUE
The general matricant approach in (9)-(11) is a superb numerical technique provided that the entries of the state-transition matrix S(x) are known in advance and are described by closed-form functions of x -which seldom happens with real NUS. However, sometimes, a discretized description of S may be available. The NUS, of length l, is conceptually broken down into a number N of chained segments of length l = l/N , where each small segment, centered at x = x i = (2i − 1) l/2, is considered uniform. In other words, the S matrix is replaced by a stepwise approximation with N steps, S 1 · · · S N , each small segment characterized by its transfer matrix,
The NUS transfer matrix is then obtained from
but, be aware, writing (27) in the form
would be a mistake, for the multiplication of matrices is a non-commutative operation. Commutativity holds if all the S i matrices share the same set of eigenvectors, [39] , [40] . Nonetheless, an equivalent state transition matrix S eq ( = S av ) based on the contributing S i matrices can be defined
moreover, matrix S eq can even be written in the form of a series expansion, like in (9)-(10).
The problem of finding the solution S eq of the matrix equation e S eq = e S a e S b (30) in terms of known S a and S b is not a soft problem. During the 1900s, the problem was an issue of very great concern in the field of Physics (quantum mechanics/high energy) as well as in pure and applied Mathematics (linear algebra/Lie algebras). The so-called Baker-Campbell-Hausdorff-Dynkin formula, [42] - [48] , provided a solution to (30) in the form of a series expansion with nested commutators whose first terms are
where the notation [S a , S b ] refers to the commutator of the S a and S b matrices, i.e., [S a ,
It is now clear that the solution S eq = S a + S b , in (28), will only apply if S a and S b commute.
V. TRANSFER MATRIX MEASUREMENT
Quite often, detailed data on the internal constitution of the NUS are badly known or unknown at all -the structure is a black box, accessible only at its input and output ends, x = 0 and x = l. In such circumstances, analytical tools are of little use to determine T l ; the transfer matrix will have to be found experimentally, measuring the values of the state space complex phasors of the NUS gathered in the n × 1 column matrices P 0 , P l , and Q 0 , Q l .
Let us go back to (2) and rewrite
By enforcing the boundary condition Q 0 = 0 we have
A first set of n independent experiments is performed. In the k th experiment (k = 1 to n) the structure is driven at the output end by one single stimulus: P k (l) = p and P i (l) = 0, for i = k. Afterward, the remaining state-space variables belonging to P 0 and Q l are measured.
Hence, we have: Experiment #k (1 st set):
The sets of n stimuli and measurement results are separately gathered in three n × n square matrices
From (33) and (35) we see that submatrices A and C can be retrieved through
Using a similar procedure the submatrices B and D are found from a new second set of n experiments, where the boundary condition P 0 = 0 is enforced, leading to
As before, in the k th experiment (k = 1 to n) the structure is driven by the single stimulus P k (l) = p, and the remaining state-space variables belonging to Q 0 and Q l are measured, that is: Experiment #k (2 nd set):
These measurements are gathered in two n × n square matricesQ
From (37) and (39) we see that submatrices B and D can be retrieved through
The correctness and precision of the measurements can be assessed/controlled by employing the transfer matrix properties in (12) . From A T C = C T A one must check that matrix Q l is symmetric; likewise, from D T B = B T D one must check the symmetry ofQ l . The remaining properties of the transfer matrix, listed in (12) , may also be used to crosscheck the measurement data obtained in the two sets of experiments, which must be interdependent, provided, of course, that the structure under test suffered no internal changes during experiments.
The suggested sets of experiments -utilizing the same stimulus source in all the tests, where in each test only one output terminal of the NUS is excited-is just an example; many other options are equally possible.
Regardless of the option, careful attention should be paid to the need of synchronizing the measurements of the state-space complex phasors at the two ends of the NUS. Different delay times resulting from different distances between the measuring instrument and the two ends of the structure may corrupt the phase information.
The above aspect may not be of great concern when the measurement experiments are conducted on a lab bench. Things can get more complicated when the input and output ends of the NUS under test are some hundreds of miles apart, as it happens in the problem of real-time monitoring of overhead power lines -of undeniable socio-economic impact the problem is currently a hot topic of investigation, that involves synchrophasor measurement technology, phasor measurement units, smart grids, global positioning systems, and big data analytics, [50] - [52] .
VI. APPLICATION OF TRANSFER MATRIX METHOD TO NONUNIFORM MTL STRUCTURES
As was pointed out in the introductory section, the transfer matrix method (TMM) is a very important tool in electrical engineering for its utilization pervades a variety of areas, from long power lines operating at low frequency (60 Hz) to tiny optical devices functioning in the terahertz band.
Multiconductor transmission lines (MTL) is one of the most interesting cross-disciplinary subjects in electrical engineering and, for that reason, we chose it to exemplify the application of TMM to nonuniform structures.
An MTL structure is made of n + 1 electromagnetically coupled conductors (with n ≥ 2), one of them named the reference or ground 0 th conductor. The MTL conductors, of length l, run longitudinally along the x-axis -see Fig. 1 .
The state-space variables in (4) correspond here to the voltages V x and currents I x of the MTL conductors, that is
where:
From MTL theory, [53] - [57] , we have
where Z x = Z(x, ω) and Y x = Y(x, ω) are, respectively, the per-unit-length impedance and admittance matrices of the MTL; both them are n × n nonsingular complex symmetric matrices, whose real and imaginary parts, if not null, are positive-definite. From (6) and (42) we see the state transition matrix is such that and
A. MTL TRANSFER MATRIX Next, we proceed to the determination of the transfer matrix T l of the nonuniform MTL structure
employing the segmentation technique in Part IV, [58] . The NUS is broken down into N chained uniform segments of length l i (with l = N i=1 l i ), each segment being described by discrete values of Z i and Y i .
From (27) we have T l = T N · · · T i · · · T 1 = e S N l N · · · e S i l i · · · e S 1 l 1 (47) where the exponential matrix T i in (47) can be evaluated from the state transition matrix S i using either the matricant approach or the diagonalization approach.
Using the matricant series expansion approach in (10) and (15), together with (44) leads to
or, in other words,
where Y (i) F and Z (i) B , the so-called characteristic immittance matrices for forward and backward waves, respectively, are given by, [55] , [59] , [60] ,
Since matrices A i , B i , C i , and D i are already known for every MTL-segment i = 1 · · · N , the global transfer matrix T i can be evaluated using (47) ,
where the contributing matrices T i and the final resulting matrix T l have different properties, in general, B and C are not symmetrical and D is not the transposed of A.
B. MODAL ANALYSIS
MTLs are mainly used in EEE for transmission purposes (transmission of information or/and of energy) where the aspects of attenuation, delay time, load impedance matching, and so on, are of utmost concern.
To address these wave propagation aspects, well-known modal analysis techniques are used, [55] . The core idea is to find a vector-basis of n independent uncoupled propagation modes, intrinsic to the MTL structure, onto which any propagation event can be projected, regardless of the complexity of its boundary conditions. This is accomplished through the diagonalization of the transfer matrix, as in (21), (22) ,
where γ is a diagonal matrix, gathering the propagation constants γ 1 , γ 2 , · · · γ n of the set of n modes, conveying information about mode attenuation, phase, and velocity,
By definition, a propagation mode is a peculiar fixed arrangement of voltages and currents that enforced at one end of the MTL will be replicated at the other end, multiplied by the scaling factor (e ±γ k l ), [55] - [57] . To account for wave reflection phenomena, each mode must include the contribution of two counter-propagating waves, the forward wave (along positive-x), and the backward wave (along negative-x).
The 2n × 2n transformation matrix M in (52), whose columns m 1 to m 2 n are the eigenvectors of T l , can be block partitioned into four n × n submatrices,
where M 11 and M 22 are unitless, M 12 is in , and M 21 in −1 . The eigenvectors m k and m k+n define the voltage and current arrangements of the forward and backward waves of the k th propagation mode, respectively. Hence, we should write,
In the general case of nonuniform MTLs, the forward characteristic admittance matrix Y F , and the backward characteristic impedance matrix Z B are not inverse of each other. The 2n-order diagonalization problem in (52)
has to be solved as a whole -the problem does not split into two independent n-order diagonalization sub-problems. This is possible in one case only: when the NUS is longitudinally symmetric, i.e., when the input and output ends of the MTL are indiscernible, interchangeable. In this case, the properties of A, B, C, D in (17) can be used, and from (57) and (17) we find,
showing, not only, how the set of n modal propagation constants can be obtained, but also, that the characteristic immittance matrices for forward and backward propagation coincide. The symmetrical characteristic admittance matrix Y w necessary for load matching at both ends of the MTL, is obtained from (55)- (58) . Taking into account that, for longitudinally symmetric NUS, matrices B and C are both symmetrical, the equation for the computation of Y w may be written in various formats:
where
As a parenthetical note, we may add that the basic case of uniform MTLs -see (48)-(50)-is a subcase of (58), where the n×n transformation matrix M 11 brings the product matrix ZY (= 2 ) to diagonal form:M −1 11 M 11 = γ .
C. EXEMPLIFICATION AND NOVEL RESULTS
The present review dedicated to the transfer matrix method theory and its applications to nonuniform structures is now complemented with a novel research contribution to the field of NUS/MTL. In a recent IEEE Transactions paper [61] the authors managed to prove theoretically that longitudinally asymmetric nonuniform MTLs (where D =A T ) could, in special circumstances, require the presence of negative load resistors to ensure full matching conditions; load matching is feasible for each and every individual mode, but may not be when modes coexist.
On the other hand, load matching is always physically possible for any uniform MTL, where D = A T .
The pending issue is: What if the MTL is nonuniform but longitudinally symmetric? May negative resistors still be needed for full load matching?
The issue is addressed here using the analytical tools in parts A and B. The simple structure (n = 2) shown in Fig. 2 is used for exemplification purposes. The example describes the chain connection of two equal, bilaterally symmetric, uniform stripline couplers of length l/2. The structure's nonuniformity is created by a perturbation, occurring at the junction's plane, modeled through the lumped impedances Z J .
To simplify matters, we will consider the usual highfrequency approximation α /β →0, tantamount to saying that the couplers are lossless, with purely real characteristic wave admittances.
The transfer matrix of the NUS is obtained from (51)
where T = T 1 = T 3 is the transfer matrix of each stripline coupler of length l/2. Owing to couplers' bilateral symmetry, the 2 × 2 submatrices A 1 , B 1 , C 1 , and D 1 , are not only symmetric but also have the same diagonal entries, which makes them similar matrices, commutable matrices, sharing the same set of eigenvectors,
Note that the eigenvectors m 1 and m 2 define the familiar pair of even & odd modes, the transformation matrices M ii being symmetric and orthogonal, 
where: γ = jβ = jω/v is the imaginary propagation constant of traveling waves in a nonmagnetic lossless medium with velocity v = (µ 0 ε) −1/2 where ε is the permittivity of the couplers' dielectric medium ( Fig. 2a) .
Y u is the n × n characteristic admittance matrix of both uniform couplers 1 and 3.
k is the strips' coupling factor,
where c 11 = c 22 ( > 0) and c 12 = c 21 (< 0) are the entries of the per-unit-length capacitance matrix of the uniform stripline couplers. Y e and Y o are the scalar characteristic admittances of the even and odd modes of the uniform couplers, respectively,
where G is the characteristic wave conductance of the same stripline coupler but with one single strip.
Observing the couplers' junction ( Fig. 2b ) readily leads to the junction's transfer matrix T J = T 2 ,
Now, with the help of (61), (64), and (68), we get the global NUS' transfer matrix:
where the unperturbed term T 2 describes a uniform stripline coupler of length l, that is
while the junction's perturbation term P is
Then, from (69)-(71), we find the submatrices A, B, C, and D belonging to the global transfer matrix T l
The above submatrices are symmetric, commute, and are diagonalizable by the transformation matrix M 11 in (63). Owing to this feature, the computation of the characteristic admittance matrix of the NUS, (59), greatly simplifies, yielding 
where the parameters y G = g G + js G and y M = g M + js M are, respectively, the strip-to-ground admittance and the mutual (interstrip) admittance that characterize the matched VOLUME 8, 2020 load network at x = l in Fig. 2b , where y m (for m = e, o) is given by,
If the perturbation P were absent (Z J = 0) we would get, from (73), (74), (65), and (67),
Recent research on the subject of NUS, [60] , [61] , has shown that the issue of load matching realizability is worthy of attention only when the NUS resonates, when its length l approaches a multiple of a one-half wavelength. Here, we will focus on the first resonance event, l ≈ λ/2, βl ≈ π, ω ≈ ω res = vπ /l and, for exemplification, consider the case of a capacitive junction's perturbation Z J
One may imagine that the junction's perturbation is originated by a manufacturing defect that prevents the left and right halves of the coupler to fully connect owing to an unintended tiny gap between the contacting ends of the strips. By making
we can rewrite (74) as
For the case of small perturbations, ω res C J Y m , θ π, the above result simplifies to
which leads to the following conclusions a) The frequency-dependent characteristic admittances y m of the NUS' propagation modes cannot exhibit negative real part, regardless of the frequency; b) At resonance, θ = 0, one gets y m → ∞, meaning that the matched load is a full short-circuit termination; c) For ϑ m > 1, the characteristic admittance y m of the mmode is purely imaginary -the modes' active power at the MTL ends is zero; electromagnetic waves are pure standing waves, the NUS behaves as a stopband filter.
Also from (80), and (73), we learn that: d) The strip-to-ground load admittance required for MTL matching can never exhibit negative real part, g G = (y G ) = (y e ) ≥ 0 ;
e) The real part of the mutual (interstrip) admittance required for MTL matching, g M = (y M ) = (y o − y e )/2, can be negative, turning the load network in Fig. 2b into a physically non-realizable termination.
At this point it is convenient to introduce a set of three critical frequency values:
-the cutoff frequency ω = ω e (or θ = θ e ), for which the e-mode transitions from stop to pass-band behavior.
-the cutoff frequency ω = ω o (or θ = θ o ), for which the o-mode transitions from stop to pass-band behavior.
-the crossover frequency ω = ω x (or θ = θ x ), for which the real positive characteristic admittance ω−functions cross each other, y e (ω x ) = y o (ω x ).
After some algebra we find
where Y e and Y o are defined in (67) and Y x is obtained from them through
The terms (X res Y m ) 2 in (81) are 2 nd order corrections due to small variations of the junction's impedance near to resonance. For the sake of simplicity, those corrections will be disregarded. The results that follow are accurate only at firstorder approximation level.
The case of a nonrealizable matched load (g M < 0) occurs in the narrow band θ ∈ [θ e , θ x ] whose width θ is
In the interval [θ e , θ o ] the o-mode is inside its stopband, but the e-mode is out. From (80) we get
In the interval [θ o , θ x ] both modes are outside their stopbands. From (80) we get
For θ = θ e and θ = θ x the interstrip conductance g M is zero. For θ = θ o it reaches its negative peak value:
The peak value is zero for uncoupled strips, increases up to its extremal value (g min M ) max = −G(2/3 3 ) 1/2 at k = 1/2, and decreases afterward.
Albeit a first-order approximation, the above results are remarkable. They reveal two interesting things about the negative peak value of the interstrip matching conductance. Firstly: It barely depends on the junction's reactance X res and, secondly, it cannot exceed a certain limit.
The apparently paradoxical assertion that the peak value g min M barely depends on the junction's reactance must be read from a distance. Consider a uniform coupler (Z J = 0); how come can it require a negative interstrip conductance for matching purposes? It cannot. The point is that the relevance of negatively valued g M (ω) must not be assessed by simply looking at its peak value. As shown in (83) the spectral width θ of the ''g M < 0 phenomenon'' is directly proportional to the junction's reactance perturbation. When X res goes to zero, θ e , θ o and θ x will go with it (ω x = ω o = ω e = ω res ), i.e., the negative part of the g M (ω) function has no ω−support, the phenomenon is inexistent for Z J = 0.
Numerical and simulation results are presented next, the following realistic data being considered:
The corresponding array of matching load resistances for the uniform MTL coupler is depicted in Fig. 3a ; the strip-toground load and the interstrip load are equal to 75 , both positive of course.
With regard to the junction's capacitive perturbation, we take
Using the data in (87)-(88) we run MATLAB to compute the normalized matching load admittances y G (ω)/G and y M (ω)/G directly from the core equations (72)-(73) and (77), without simplifications. Numerical simulation results for the half-wavelength resonance case are offered in Fig. 4 and Fig. 5 , where the horizontal axis is the normalized frequency (ω /ω res ) varying in the vicinity of 1, in a narrow frequency band where ω res , ω e , ω o , and ω x are included. Fig. 4 and Fig. 5 depict the real and imaginary parts of the strip-to-ground load admittance y G (dashed lines) and the interstrip load admittance y M (solid lines). Fig. 4 concerns the normalized conductance functions g G /G and g M /G while Fig. 5 concerns the normalized susceptance functions s G /G and s M /G. The circle marks sequentially identify, from left to right, the notable frequencies ω res , ω e , ω o , and ω x , respectively. Fig. 3b shows the resistors' array (with r = g −1 M ) needed to load matching the NUS MTL-coupler at ω = ω o , when g M reaches its negative peak value. Rest assured that the presence of the negative resistor in Fig. 3b does not violate any physical principle. No matter the enforced set of voltages, the power delivered to the load can never be negative: p load = 1 r (V 1 + V 2 ) 2 ≥ 0. For verification purposes, the exact MATLAB numerical results were checked against the analytical first-order approximate results in (81)-(86): the agreement is quite good -see Table 1 . Fig. 6 is, in part, a zooming in Fig. 4 . It highlights the details of the frequency-dependent normalized interstrip matched-load conductance g M (ω), focusing on the ω−band where g M is a negatively valued function.
Curve (a) is an amplified replica of the solid line in Fig. 4 , for the case Z J = −jX res ω res /ω, with X res = 5 .
The dashed curve (b) was obtained by considering that the junction's impedance perturbation, in addition to its reactive part, also includes a resistive part R J . Here, for ω = ω res , we will take Z J = (δ -j) X res , with X res = 5 and δ = 5%. As shown in Fig. 6 the evolution of g M (ω) through negative values is still present, leading again to a non-realizable matching load despite the presence of losses at the coupler's junction. The main effect of R J is to smooth out the sharp corners in curve (a), at the critical frequencies ω e and ω o .
Curve (c), in blue, illustrates the interesting results in (86) and (83), considering the case Z J = −jX res ω res /ω with X res = 2.5 . The capacitive junction's perturbation was decreased 50% with respect to curve (a). One can see that the bandwidth of the ''g M < 0 phenomenon'' has also squeezed 50% but the negative peak value of g M remained practically unaltered, g M (ω o ) = −0.272G. 
VII. CONCLUSION
This article was devoted to the transfer matrix method largely utilized in a variety of electrical engineering areas, from power systems to optics, as well as in other science fields, from materials to DNA research.
As the name suggests, the method is aimed to transfer information/data from one system's boundary end to another boundary end, using conversion rules dictated by the internal constitution of the system. Reciprocally, the system's properties can be retrieved from measurements at its ends.
The above aspects were dealt with in Sections II to V, offering the reader a survey on the formalisms adequate for the analysis of general n-port nonuniform systems (NUS), including the matricant or state-space approach, the diagonalization or modal-analysis approach, and also the segmentation technique.
The article's longest section -the sixth-focused on the concrete case of multiconductor transmission-line systems (MTL) which are of great importance to electrical engineers involved in guided-wave propagation problems. MTL equations and general transfer matrix solutions were reviewed and, in addition, an interesting novel research result was delivered; we succeeded to prove that a very simple two-port NUS, longitudinally and transversally symmetric, lossless or lossy, cannot always be terminated on a realizable matched load.
